In this paper, we introduce the concept of L p Blaschke-Minkowski homomorphisms and show that those maps are represented by a spherical convolution operator. And then we consider the Busemann-Petty type problem for L p Blaschke-Minkowski homomorphisms. MSC: 52A40; 52A20
Introduction
The theory of real valued valuations is at the center of convex geometry. Blaschke started a systematic investigation in the s, and then Hadwiger 
., S(K # L, ·) = S(K, ·) + S(L, ·).
Obviously, a Blaschke-Minkowski homomorphism is a continuous Minkowski valuation which is SO(n) equivariant and (n -)-homogeneous. Schuster introduced BlaschkeMinkowski homomorphisms and studied the Busemann-Petty type problem for them. 
and V (K) = V (L) if and only if K = L.
Recently, the investigations of convex body and star body valued valuations have received great attention from a series of articles by Ludwig [-]; see also [] . She started systematic studies and established complete classifications of convex and star body valued valuations with respect to L p Minkowski addition and L p radial which are compatible with the action of the group GL(n). Based on these results, in this article we study L p Blaschke-Minkowski homomorphisms which are continuous, ( n p -)-homogeneous and SO(n) equivariant.
Theorem . Let p >  and p
Theorem . Let  < p < n and p is not an even integer, and let p :
If p > n and p is not an even integer, then
p K ⊆ p L ⇒ V (K) ≥ V (L), (.) and V (K) = V (L), if and only if K = L.
Notation and background material
Let K n  denote the set of convex bodies containing the origin in their interiors, and let K n e denote origin-symmetric convex bodies. In this paper, we restrict the dimension of R n to n ≥ . A convex body K ∈ K n is uniquely determined by its support function, h(K, ·). From the definition of h(K, ·), it follows immediately that for λ >  and ϑ ∈ SO(n),
where ϑ - is the inverse of ϑ. http://www.journalofinequalitiesandapplications.com/content/2013/1/140
is just the L p surface area measure of K , which is absolutely continuous with respect to classical surface area measure S(K, ·), and has a Radon-Nikodym derivative
if its L p surface area measure S p (K, ·) is absolutely continuous with respect to spherical Lebesgue measure S and the Radon-Nikodym derivative
From the formula (.), it follows immediately that for each
The Minkowski inequality for the L p mixed volume states that (see [] 
From (.), for λ > , we have
Noting the fact S(ϑK, ·) = ϑS(K, ·) for ϑ ∈ SO(n) and (.), one can obtain
where
 is the convex body with
Some basic notions on spherical harmonics will be required. The article by Grinberg and Zhang [] and the article by Schuster [] are excellent general references on spherical harmonics. As usual, SO(n) and S n- will be equipped with the invariant probability
measures. Let C(SO(n)), C(S n- ) be the spaces of continuous functions on SO(n) and S n- with uniform topology and M(SO(n)), M(S n- ) their dual spaces of signed finite Borel
measures with weak * topology. The group SO(n) acts on these spaces by left translation,
, and ϑμ is the image measure of μ under the rotation ϑ.
The sphere S n- is identified with the homogeneous space SO(n)/ SO(n -), where SO(n -) denotes the subgroup of rotations leaving the pole e of S n- fixed. The projec-
Functions on S n- can be identified with right
is defined by
depend only on the value u · e. The set of continuous zonal functions on S n- will be de-
The map is also an isomorphism between functions on [-, ] and zonal functions on
We denote H n k by the finite dimensional vector space of spherical harmonics of dimension n and order k, and let N(n, k) be the dimension of H 
is the orthogonal projection of f on the space H n k . Using well-known properties of the Legendre polynomials, it is not hard to show that
This leads to the spherical expansion of a measure
From P n  (t) = , N(n, ) =  and P n  (t) = t, N(n, ) = n, we obtain, for μ ∈ M(S n- ), the following special cases of (.):
Let κ n denote the volume of the Euclidean unit ball B. By (.) and (.), for every convex 
exist real numbers c k , the multipliers of , such that, for every k ∈ N,
From the Funk-Hecke theorem and the fact that the spherical convolution of zonal measures is commutative, it follows that, for μ ∈ M(S n- , e), the map μ : (a) p is continuous with respect to Hausdorff metric.
It is easy to verify that an L p Blaschke-Minkowski homomorphism is an L p Minkowski valuation.
In order to prove our results, we need to quote some lemmas. We call a map : Next, we prove the necessity. Let be monotone, linear and intertwines rotations. Consider the map φ :
. By the properties of , the functional φ is positive and linear on M(S n- ), thus, by the Riesz representation theorem, there is a function f ∈ M + (S n- ) such that
Since φ is SO(n -) invariant, the function f is zonal. Thus, we have for η ∈ SO(n)
Lemma . follows now from (.).
Proof of Theorem . Suppose that a map
where g ∈ C(S n- , e) is a nonnegative measure. The continuity of p follows from the fact that the support function h(K, ·) is continuous with respect to Hausdorff metric. From (.) and (.), for ϑ ∈ SO(n), we obtain
Combining with (.), (.) and (.), we obtain
Thus maps of the form of (.) are L p Blaschke-Minkowski homomorphisms (satisfy the properties (a), (b) and (c) from Definition .). Thus, we have to show that for every such operator p , there is a function g ∈ C(S n- , e) such that (.) holds.
Since every positive continuous even measure on S n- can be the L p surface area measure of some convex body, the set
Combining with (.), (.), (.) and (.), we obtain
So, the operator¯ is linear. Noting that p is an L p Minkowski homomorphism and S p (ϑK, ·) = ϑS p (K, ·), we obtain that the operator¯ is SO(n) equivariant.
Since the cone of the L p surface area measures of origin symmetric convex bodies is invariant under¯ , it is also monotone. Hence, by Lemma ., there is a non-negative function g ∈ C(S n- , e) such that¯ μ = μ * g. The statement now follows from
Hence, it is to complete the proof.
Lutwak, Yang and Zhang first introduced the notion of L p -projection body (see []). Let
p K , p ≥  denote the compact convex symmetric set whose support function is given by Lemma ., it follows that
Using Theorem . and the fact that spherical convolution operators are multiplier transformations, one obtains the following lemma.
Lemma . If p is an L p Blaschke-Minkowski homomorphism, which is generated by the zonal function g, then for every origin symmetric convex body K
where the numbers g k are the Legendre coefficients of g, i.e., g k = g, P n k .
Proof By (.) and Theorem ., we have
Since spherical convolution is associative and g is zonal, we obtain from (.):
the injectivity set of p .
It is easy to verify that for every L p Blaschke-Minkowski homomorphism, the set is a nonempty rotation and dilatation invariant subset of which is closed under L p Blaschke addition.
Definition . An origin-symmetric convex body
Clearly, the set of p-polynomial convex bodies is dense in K n e . Let p >  and p = n where p is not an even integer. The size of range, p (K n e ), of the L p Blaschke-Minkowski homomorphism p will be critical. The set of origin-symmetric convex bodies whose support functions are elements of the vector space
is a large subset of K n e , provided the injectivity set K 
e be a p-polynomial convex body. From Definition ., we have
For K ∈ K n e and the properties of the orthogonal projection of f on the space 
Denote by f + and f -the positive and negative parts of f and let K  and K  be the convex bodies such that S p (K  , ·) = f -and S p (K  , ·) = f + . By Theorem . and (.), it follows that If 
Applying the L p Minkowski inequality (.), we thus obtain that, if  < p < n, then
and if p > n, then
with equality if and only if K and L are dilates.
An immediate consequence of Theorem . is the following.
Theorem . Let p > , p = n, where p is not an even integer and p
Since the L p projection body operator p is just an L p Blaschke-Minkowski homomorphism, the L p Aleksandrov's projection theorem is a direct corollary of Theorem ..
Corollary . []
Let p > , p = n, where p is not an even integer, and K and L are both
Our next result shows that if the injectivity set K n e ( p ) does not exhaust all of K n e , in general the answer to Problem . is negative.
Proof Let g ∈ C(S n- , e) be the generating function of p and let g k denote its Legendre coefficients. Since K n e ( p ) = K n e and p is nontrivial, there exists, by Definition ., an integer k ∈ N, such that g k =  and k ≥ . We can choose α >  such that the function http://www.journalofinequalitiesandapplications.com/content/2013/1/140
n- , is positive. According to Theorem C, there exists an origin-
. From (.) and the properties of the orthogonal projection on the space H n k , we have that
Using the fact that: For  < p < n where p is not an even integer, an origin-symmetric convex body L ∈ K n e ( p ) is uniquely determined by its image p L, we obtain that p L = p K , where K denotes the Euclidean ball centered at the origin with L p surface area S p (K) = . Noting that L is just a perturb body of K , we use (.) and (.) to conclude 
To complete the proof, we can use (.) to conclude
In particular, we replace p by p to Theorem ., we have the following corollary, which was proved by Ryabogin and Zvavitch. 
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